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Recent low-redshift observations give value of the present-time Hubble parameter H0 ≃
74 km/sec/Mpc, roughly 10% higher than the predicted value H0 = 67.4 km/sec/Mpc from Planck’s
observations of the CMB and the ΛCDM model. Phenomenologically, we show that the Friedmann
equation requires an extra unknown component X to contribute a negative density to the Universe
in order to resolve the Hubble tension without changing the Planck’s constraint on the matter and
dark energy densities. For the extra negative density to be sufficiently small, its equation-of-state
parameter must satisfy 1/3 ≤ wX ≤ 1. We propose a quintom model of two scalar fields that realizes
this condition and successfully resolve the Hubble tension. One scalar field acts as a quintessence
while another “phantom” scalar conformally couples to matter in such a way that viable cosmologi-
cal scenario can be achieved. The model depends only on two parameters, λφ and δ which represent
rolling tendency of the self-interacting potential of the quintessence and the strength of conformal
phantom-matter coupling respectively.
PACS numbers:
I. INTRODUCTION
After discovery of the accelerated expansion of the Uni-
verse [1, 2], a number of hypotheses have been proposed
to solve the dark energy problem, such as Horndeski theo-
ries [3–5], generalized proca theories [6, 7], or a ghost-free
massive gravity [8, 9]. However, the discovery of gravi-
tational waves GW170817 [10] severely constrains these
modified gravity models [11–13]. The simplest standard
model of cosmology, without introducing any new grav-
itational degrees of freedom, is the ΛCDM. With “min-
imal” proposal of dark matter and dark energy compo-
nents, it can explain the accelerated expansion of the
Universe as well as other observational data reasonably
well until recently [14]. A number of low-redshift obser-
vations reveals that there are discrepancies between the
values of the Hubble parameter at the present time H0
from observations of Cepheids in the Large Magellanic
Cloud (LMC) [15], the gravitational lensing of quasars
measurement [16, 17], and the predicted value from the
Planck CMB data within the ΛCDM (Note that an in-
termediate value is found by using Red Giants as the
distance ladder [18]). Since the difference between H0
is roughly 5σ in significance, this means that the stan-
dard model of cosmology, the ΛCDM, may not be correct.
There exists tension between H0 predicted from the early
Universe and those directly measured at low redshifts.
Many ideas have been proposed to resolve the Hub-
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ble tension, such as the galileon gravity model [19], the
gravitational [20] and vacuum [21] phase transition, the
early dark energy [22], the dark matter decay [23], the
neutrino self-interaction [24] and the negative cosmolog-
ical constant [25]. In this work, we demonstrate that
the usual Friedmann equation allows a higher value of
H0 = 74.03 km/sec/Mpc while keeping the matter con-
tribution to 31% and the dark energy contribution to
69%, provided that an extra component with very small
negative density is introduced. The negative component
must be a very small fraction to the total density of
the Universe otherwise it would have been detected (see
Ref. [26] however, for possible galactic effects of small
negative density to the rotation curves). As a theoretical
model of such possibility, we propose a modified quin-
tom model [27] to realize a negative-density component
required by the Friedmann equation phenomenologically.
The quintom model consists of a quintessence scalar field
and a phantom scalar field. The model can provide dark
energy with phantom crossing, while a late-time solution
is still stable. Using two scalar fields for dark energy is
not a new novel, a model called a gravitational scalar-
tensor theory also possesses two scalar fields [28, 30]. It
is interesting to see whether the phantom scalar field of
the quintom model matches with the required negative
density and could resolve the Hubble tension.
This paper is organized as follows. Section II generally
discusses the physical requirement of the extra compo-
nent X to coexist within the standard Friedmann model
in order to resolve the Hubble tension. In Section III we
propose a modified quintom model with scalar-matter
coupling that realizes the negative density requirement,
giving the right H0 while keeping the density parame-
ters Ω
(0)
m ≃ 0.31,Ω(0)DE ≃ 0.69 consistent with Planck’s
2early Universe constraints. We use a dynamical system
approach to find cosmological solutions of the modified
quintom model in Section IV. Section V contains the nu-
merical analysis of the quintom model, yielding realistic
cosmological solution. Section VI compares theoretical
prediction of our model with the observational data and
Section VII summarizes our work.
II. GENERAL PHENOMENOLOGY
In this section, a general physical condition is dis-
cussed based on the Friedmann equation with one extra
component in addition to the standard ΛCDM model.
In this approach it is assumed that the Planck’s con-
straints from the early Universe on H0 is valid, i.e.,
Ω
(0)
m = 0.31,Ω
(0)
Λ = 0.69 and very small contributions
from other components at the present day.
Using a density parameter, Ωi ≡ ρi/ρc, where ρc ≡
3H2/8piG is the critical density of the Universe, the gen-
eralized Friedmann equation for the spatially flat Uni-
verse is given by
H2(z) = H20
[
Ω(0)r (1 + z)
4 +Ω(0)m (1 + z)
3
+Ω
(0)
DE exp
(
3
∫ z
0
1 + wDE(z)
1 + z
dz
)
+Ω
(0)
X exp
(
3
∫ z
0
1 + wX(z)
1 + z
dz
)]
, (2.1)
where the subscript r,m,DE,X represents radiation,
matter, dark energy, and the extra unknown component
X respectively. Notation “(0)” denotes the present value
at zero redshift. In the ΛCDM model with wDE = −1,
observational data from the CMB and high-redshifts
prefers Ω
(0)
m = 0.308, Ω
(0)
r = 5.38 × 10−5, and Ω(0)Λ=DE =
0.692, and H0 = 67.4 km/s/Mpc [14, 35]. We can thus
calculate H(z) at the last-scattering surface (z ≈ 1100)
to be approximately 1.492149 × 106 km/s/Mpc. In or-
der to address the Hubble tension where the value of
H at small z is relatively large compared to the Planck
value H0 = 67.4 km/s/Mpc, we use H(z = 1100) =
1.492149× 106 km/s/Mpc and H0 = 74.03 km/s/Mpc to
find the physical constraint on the extra unknown com-
ponent X from Eq. (2.1). The allowed values of wX ,Ω
(0)
X
are shown in Fig. 1, assuming the simplest case where
wX is constant.
Remarkably, negative energy density Ω
(0)
X < 0 is re-
quired. According to Fig 1, the negative density can-
not be a negative mass (wX ≈ 0) otherwise Ω(0)X is too
large Ω
(0)
X ≃ −0.06, and it should have been observed.
For 1/3 ≤ wX ≤ 1, however, the amount of the ex-
tra component X is very small, i.e., −0.00005707 ≤
Ω
(0)
X ≤ −4.708× 10−11. Thus in order to solve the Hub-
ble tension problem we require a negative density with
1/3 ≤ wX ≤ 1 without modification on the CMB obser-
vational data.
FIG. 1: A relation between Ω
(0)
X and wX from Eq. (2.1) for
Ω
(0)
m = 0.308, Ω
(0)
r = 5.38 × 10−5, and Ω(0)Λ=DE = 1 − Ω(0)r −
Ω
(0)
m − Ω(0)X , wDE = −1.
In Section III, a quintom model with two scalars is
proposed as a realization of the extra component X . A
“phantom” (with negative kinetic energy term) scalar is
assumed to couple to matter while the other scalar serves
simply as the dark energy responsible for accelerated ex-
pansion of the Universe.
III. QUINTOM DARK ENERGY MODEL
We consider the quintom action with 2 scalar fields and
interaction between matter fields and one of the scalar
field as the following
S =
∫
d4x
√−g
[
1
2κ2
R− 1
2
(∂φ)2 +
1
2
(∂σ)2 − V (φ)
]
+SM (gµν , σ, ψM ) , (3.1)
where κ2 = 8piG is an inverse of the reduced Planck mass
squared. R is the Ricci scalar, φ is a quintessence scalar
field, σ is a “phantom” scalar field, and ψM is a matter
field. We assume that there is only one self-interacting
potential of the quintessence scalar field, while the “phan-
tom” scalar field is rolling on an effective potential arising
from the phantom-matter interaction as we will explain
below. Strictly speaking, this σ is not exactly the stan-
dard phantom but rather a ghost field since its equation
of state is Pσ = ρσ < 0. However, here and hence-
forth we will simply call it the phantom field for con-
venience, and also in accordance with the original name
quintom (quintessence + phantom). The extra compo-
nent X is identified with the phantom field σ in this
model.
By varying the action with respect to gµν , we obtain
the equation of motion
Rµν − 1
2
gµνR = κ
2(T (M)µν + T
(φ)
µν + T
(σ)
µν ) , (3.2)
where T
(M)
µν is an energy-momentum tensor of the non-
relativistic matter and radiation. Energy-momentum
3tensors of the quintessence scalar field and the phantom
scalar field are given by
T (φ)µν = ∂µφ∂νφ+ gµν
(
−1
2
(∂φ)2 − V (φ)
)
, (3.3)
T (σ)µν = −∂µσ∂νσ + gµν
(
1
2
(∂σ)2
)
, (3.4)
respectively. Using the flat Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) metric, ds2 = −dt2 +
a2(t)dx2, and assuming φ = φ(t) and σ = σ(t), we obtain
the Friedmann equations,
3H2 = κ2(ρm + ρr + ρφ + ρσ) , (3.5)
3H2 + 2H˙ = κ2(−Pm − Pr − Pφ − Pσ) . (3.6)
ρm, ρr, Pm, and Pr are energy densities and pressures of
non-relativistic matter and radiation, respectively. The
notation “ . ” means a derivative with respect to time.
The energy densities and pressures of the scalar fields are
ρφ =
1
2
φ˙2 + V (φ) , ρσ = −1
2
σ˙2 , (3.7)
Pφ =
1
2
φ˙2 − V (φ) , Pσ = −1
2
σ˙2 . (3.8)
We then can define an equation of state parameter of the
dark energy and an effective equation of state parameter
as
wDE ≡ Pφ + Pσ
ρφ + ρσ
=
1
2 φ˙
2 − 12 σ˙2 − V (φ)
1
2 φ˙
2 − 12 σ˙2 + V (φ)
, (3.9)
weff ≡ Pφ + Pσ + Pm + Pr
ρφ + ρσ + ρm + ρr
= −1− 2
3
H˙
H2
.(3.10)
For each scalar field, their equation of state parameters
are
wφ =
Pφ
ρφ
=
1
2 φ˙
2 − V (φ)
1
2 φ˙
2 + V (φ)
, wσ =
Pσ
ρσ
= +1 . (3.11)
Note that ρσ is negative, and wσ is always equal to +1.
These are crucial in resolving the Hubble tension problem
which we will show in the Section IV.
We assume there is only an interaction between matter
field and the phantom field, i.e. ∇µT µ(φ)ν = 0. In this
work we consider the interaction in the form
∇µT µ(M)ν = κδTM∇νσ , (3.12)
∇µT µ(σ)ν = −κδTM∇νσ , (3.13)
where TM = −ρM + 3PM , and δ is a dimensionless con-
stant. This is a conformal interaction form which arises
in many scalar-tensor theories after taking a conformal
transformation to the Einstein frame [31, 32]. Hence, the
continuity equations are
ρ˙m + 3Hρm = κδρmσ˙ , (3.14)
ρ˙σ + 3H(ρσ + Pσ) = −κδρmσ˙ , (3.15)
ρ˙φ + 3H(ρφ + Pφ) = 0 , (3.16)
ρ˙r + 4Hρr = 0 . (3.17)
Substituting energy density and pressure of each scalar
field we find the equations of motion
σ¨ + 3Hσ˙ = κδρm , (3.18)
φ¨+ 3Hφ˙+ V,φ = 0 . (3.19)
The RHS of the equation of motion of the phantom scalar
field acts as an effective potential. This is similar to the
effective potential in the chameleon or symmetron gravity
[29, 33, 34] (see Appendix A).
IV. DYNAMICAL SYSTEM
A. Autonomous Equations and Fixed Points
We will use a dynamical system approach to study cos-
mological scenarios of the quintom dark energy model
through the behaviour of their fixed points. First, the
dimensionless dynamical variables are defined as the fol-
lowing
x1 ≡ κφ˙√
6H
, x2 ≡
κ
√
V (φ)√
3H
, x3 ≡ κσ˙√
6H
, x4 ≡
κ
√
ρr√
3H
.
(4.1)
According to the Friedmann equation (3.5), the density
parameters in terms of the dynamical variables are
Ωm = 1− x21 − x22 + x23 − x24 , (4.2)
Ωr = x
2
4 , (4.3)
ΩDE = x
2
1 + x
2
2 − x23 , (4.4)
Ωφ = x
2
1 + x
2
2 , (4.5)
Ωσ = −x23 , (4.6)
where Ωm ≡ κ2ρm/3H2. In addition, the equation of
states are
wDE =
x21 − x22 − x23
x21 + x
2
2 − x23
, (4.7)
wφ =
x21 − x22
x21 + x
2
2
, (4.8)
wσ = 1 , (4.9)
weff = −1 + 1
3
(
3 + 3x21 − 3x22 − 3x23 + x24
)
.(4.10)
In the last equation we have used the second Friedmann
equation (3.6) which leads to
H˙
H2
= −1
2
(
3 + 3x21 − 3x22 − 3x23 + x24
)
. (4.11)
Differentiating the dynamical variables with respect to
N , where N = ln a is an e-folding number, we find a set
4x1 x2 x3 x4 Existence
(a) x21 − x23 = 1 0 0 x21 − x23 = 1
(b) 0 0 0 1 All
(c) 0 0 − 1√
6δ
√
1 + 1
2δ2
All
(d) 0 0
√
2
3
δ 0 All
(e) 2
√
6
3λφ
2
√
3
3λφ
0
√
1− 4
λ2
φ
λφ ≥ 2
(f) 2
√
6
3λφ
2
√
3
3λφ
− 1√
6δ
√
λ2
φ
+2δ2(λ2
φ
−4)
√
2δλφ
0 < λφ < 2 , 0 < δ ≤
√
λ2
φ
8−2λ2
φ
or λφ ≥ 2 , δ > 0
(g)
λφ√
6
√
1− λ
2
φ
6
0 0 0 < λφ ≤
√
6
(h)
(3−2δ2)λφ√
6(λ2
φ
−2δ2)
√
−36δ2+9λ2
φ
−4δ4(λ2
φ
−6)
6(λ2
φ
−2δ2)2 −
√
2
3
δ(λ2φ−3)
2δ2−λ2
φ
0 δ > 0 , λφ =
√
3
or δ > 0 , 0 < λφ ≤
√
3 ,
√
6λ2
φ
6−λ2
φ
≥ 2δ
or 0 < δ ≤
√
3
2
, λφ >
√
3
or 0 < λφ <
√
3 , 2δ ≥ √6
or
√
3 < λφ <
√
6 ,
√
6λ2
φ
6−λ2
φ
≤ 2δ
TABLE I: Fixed points of the autonomous equations (4.12) - (4.15).
of autonomous equations:
dx1
dN
=
√
6
2
λφx
2
2 − 3x1 − x1
H˙
H2
, (4.12)
dx2
dN
= −
√
6
2
λφx1x2 − x2 H˙
H2
, (4.13)
dx3
dN
=
√
6
2
δ(1− x21 − x22 + x23 − x24)
−3x3 − x3 H˙
H2
, (4.14)
dx4
dN
= −2x4 − x4 H˙
H2
, (4.15)
where λφ ≡ −V,φ/κV . For an exponential form of a
potential, i.e. V (φ) = V0e
−κλφφ, λφ is a constant. Then
the autonomous equations are closed.
Fixed points of the system can be obtained by setting
dx1/dN = dx2/dN = dx3/dN = dx4/dN = 0. They are
shown in Table I.
The dynamical variables x2 and x4 are always positive,
while x1 and x3 can be positive or negative depending on
the signs of φ˙ or σ˙. We are interested only in the case
where λφ > 0 (an exponential decay) and δ > 0. With
these fixed points, density parameters and equation of
state parameters are represented in Table II.
Fixed point (a) is a kinetic-dominated point. Radia-
tion dominated epoch can be realized by the fixed point
(b), (c), (e), or (f) because weff = 1/3. Fixed point (b) is
a standard radiation dominated era, whereas other points
are mixture of radiation and other components. Point
(d) or (h) can possibly be a matter dominated point,
where both of them also have a dark energy component
in the matter dominated epoch. The accelerated expan-
sion era can be realized by point (g) or (h). Fixed point
(g) is an accelerating expansion fixed point arising in the
quintessence model, whereas point (h) is a scaling solu-
tion (i.e. a ratio of matter and dark energy is not equal
to zero at late-time). Fixed point (d) cannot be an accel-
erating solution because the dark energy density is not
5Ωm Ωr ΩDE wDE weff
(a) 0 0 1 1 1
(b) 0 1 0 − 1
3
(c) − 1
3δ2
1 + 1
2δ2
− 1
6δ2
1 1
3
(d) 1 + 2δ
2
3
0 − 2δ2
3
1 − 2δ2
3
(e) 0 1− 4
λ2
φ
4
λ2
φ
1
3
1
3
(f) − 1
3δ2
1 + 1
2δ2
− 4
λ2
φ
− 1
6δ2
+ 4
λ2
φ
8δ2−λ2φ
24δ2−λ2
φ
1
3
(g) 0 0 1 −1 + λ
2
φ
3
−1 + λ
2
φ
3
(h)
(λ2φ−3)(3λ2φ+2δ2(λ2φ−6))
3(λ2
φ
−2δ2)2 0
12δ4+9λ2φ−2δ2(18−3λ2φ+λ4φ)
3(λ2
φ
−2δ2)2
2δ2(2δ2−λ2φ)(λ2φ−3)
12δ4+9λ2
φ
−2δ2(18−3λ2
φ
+λ4
φ
)
2δ2(λ2φ−3)
6δ2−3λ2
φ
TABLE II: Density parameters and equation of state parameters of each fixed point.
negative at the present.
In the next section, stability of each fixed point will be
examined by considering their corresponding eigenvalues.
B. Stability
The autonomous equations can be rewritten as
dx1
dN
= F(x1, x2, x3, x4) ,
dx2
dN
= G(x1, x2, x3, x4) ,
dx3
dN
= H(x1, x2, x3, x4) ,
dx4
dN
= I(x1, x2, x3, x4) .
Stability of the fixed points will be investigated by using
the linear perturbation analysis around each fixed point,
(x
(c)
1 , x
(c)
2 , x
(c)
3 , x
(c)
4 ), by setting
xi(N) = x
(c)
i + δxi(N) ,
where i = 1, 2, 3, 4. The perturbation equations then take
the form
d
dN


δx1
δx2
δx3
δx4

 =M


δx1
δx2
δx3
δx4

 , (4.16)
where the matrixM is given by
M =


∂F
∂x1
∂F
∂x2
∂F
∂x3
∂F
∂x4
∂G
∂x1
∂G
∂x2
∂G
∂x3
∂G
∂x4
∂H
∂x1
∂H
∂x2
∂H
∂x3
∂H
∂x4
∂I
∂x1
∂I
∂x2
∂I
∂x3
∂I
∂x4


∣∣∣∣∣∣∣∣∣∣
x
(c)
1 ,x
(c)
2 ,x
(c)
3 ,x
(c)
4
.
Each component of the matrix M is given in Appendix
B.
The first order coupled differential equation (4.16) has
a general solution
δxi ∝ eµN ,
where µ is an eigenvalue of the matrix M. Thus, if all
eigenvalues are negative (or their real parts are negative
for complex eigenvalues), the fixed point is stable. If
at least one eigenvalue is positive, the fixed point is a
saddle point. When all of eigenvalues are positive, the
fixed point is unstable. Eigenvalues of each fixed point
in Table I are as the following.
1. Fixed Point (a)
Eigenvalues of the fixed point are
µ(a) = 1 , 0 , 3±
√
6 δ
√
x21 − 1 , 3−
√
3
2
λφx1 . (4.17)
Although a sign ± depends on roots of the condition
x21 − x23 = 1, the fixed point is either saddle or unstable
6point. Since this fixed point does not match with any known cosmological era, we no longer consider it.
2. Radiation Dominated Solutions
Eigenvalues of the fixed point (b), (c), (e), and (f) are given by
µ(b) = 2 ,−1 ,−1 , 1 . (4.18)
µ(c) = −1 , 2 ,−
1
2
± 1
2
√
−
(
2
δ2
+ 3
)
, (4.19)
µ(e) = −1 , 1 ,−
1
2
±
√
16
λ2φ
− 15
4
, (4.20)
µ(f) = −
1
2
± 1
2δ2λ2φ
√
−δ2λ4φ + δ4(32λ2φ − 9λ4φ) +
√
δ4λ4φ(λ
4
φ + 4δ
4(16− 3λ2φ)2 − 4δ2λ2φ(16 + 3λ2φ)) , (4.21)
−1
2
± 1
2δ2λ2φ
√
−δ2λ4φ + δ4(32λ2φ − 9λ4φ)−
√
δ4λ4φ(λ
4
φ + 4δ
4(16− 3λ2φ)2 − 4δ2λ2φ(16 + 3λ2φ)) . (4.22)
Therefore, the fixed point (b), (c), and (e) are saddle points. For the point (f), we can understand the behaviour of
the fixed point when we set the value of λφ and δ.
3. Matter Dominated Solutions
For the fixed point (d) and (h), their corresponding eigenvalues are
µ(d) = −
3
2
− δ2 ,−3
2
− δ2 ,−1
2
− δ2 , 3
2
− δ2 , (4.23)
µ(h) =
λ2φ + 2δ
2(λ2φ − 4)
4δ2 − 2λ2φ
,
3λ2φ + 2δ
2(λ2φ − 6)
4δ2 − 2λ2φ
,
1
4(λ2φ − 2δ2)2
(−3λ4φ − 2δ2λ2φ(λ2φ − 9) + 4δ4(λ2φ − 6)
±
√
3(λ2φ − 2δ2)2(72λ2φ − 21λ4φ + 4δ2(−72 + 18λ2φ + λ4φ) + 4δ4(60− 28λ2φ + 3λ4φ))
)
. (4.24)
The fixed point (d) is stable when δ2 > 32 , whereas it is
a saddle point when δ2 < 32 . For the fixed point (h), the
eigenvalues can be understood once we set the value of
λφ and δ.
4. Accelerated Expansion Solutions
Eigenvalues of the fixed point (g) are
µ(g) =
1
2
(λ2φ − 6) ,
1
2
(λ2φ − 6) ,
1
2
(λ2φ − 4) , λ2φ − 3 .
(4.25)
Thus, the fixed point is stable when λ2φ < 3. For the
point (h) it is the same as the previous case.
Next we will solve the set of autonomous equations by
numerical method.
V. NUMERICAL SOLUTIONS
In this section, the autonomous equations (4.12) -
(4.14) are solved numerically, where we set λφ = 0.1 and
δ = 0.18. Evolution of the density parameters and the
equation of state parameters are shown in Fig 2.
Figure 2 demonstrates a viable cosmological scenario
where the Universe evolved from the radiation dominated
era to the matter dominated epoch, and followed by the
late-time accelerated expansion. Since λφ = 0.1 and
δ = 0.18, the fixed points (e), (f), and (h) do not exist,
while the fixed point (c) yields Ωr ≈ 16.4 which is too
large. Since we are interested in Ωr ≈ 1, we choose initial
condition closed to the fixed point (b). The matter dom-
inated era is point (d) automatically, and the accelerated
expansion is the point (g). Therefore, the cosmological
7FIG. 2: Evolution of the density parameters and the equation
of state parameters according to Eqs. (4.2) - (4.10) where
initial conditions are x1 = 1 × 10−5, x2 = 1 × 10−10, x3 =
1× 10−5, and x4 = 0.9989 at z = 9.27 × 106.
viable evolution is
(b) → (d) → (g) . (5.1)
According to the bottom figure of Fig 2, the density
of the phantom scalar field is negative and wσ = 1 as
desired, while the density of dark energy (quintessence +
phantom) increases at late-time. We can obtain the evo-
lution of the Hubble parameter by integrating Eq. (4.11),
H(N) = C exp
[
1
2
(
−3N − 3
∫
x21dN + 3
∫
x22dN
+3
∫
x23dN −
∫
x24dN
)]
, (5.2)
where C is a constant of integration which can be ob-
tained by comparing the above equation to the Hubble
parameter from the ΛCDM at the last-scattering sur-
face. x1, x2, x3, and x4 are obtained from numerical
solutions with the same initial conditions used in Fig 2.
We set H0 = 67.4 km/s/Mpc to find the Hubble param-
eter at z = 1100 with the ΛCDM model, and then we
start the evolution in the quintom model from this value
of H(1100). The evolution of Hubble parameter of the
quintom compared to that of the ΛCDM is shown in Fig
3.
FIG. 3: Evolutions of the Hubble parameters, where top fig-
ure represents from z = 1100 (last-scattering surface) to the
present time, while the bottom figure represents values at the
late-time.
In Fig 3, the Hubble parameter of the quintom model
decreases at slightly different rate comparing to the
ΛCDM, where we find H0 = 73.85 km/s/Mpc at the
present time. Remarkably, the Hubble tension is re-
solved. Note that the value of H0 depends on the ini-
tial conditions and the values of λφ and δ which can be
tuned to provide better precision comparing to the ob-
servations. However, in this work we simply present a
new method to solve the Hubble tension without seri-
ously tuning the parameters.
Cosmological parameters at the present time obtained
from numerical simulations are represented in Table III.
These parameters correspond to the redshift at z = 0 in
Figs 2 and 3.
VI. COMPARISON WITH DATA
In this section we would like to compare the evolu-
tion of Hubble parameter obtained by the quintom model
with the observational data. We use observational data
of Type Ia Supernovae at z ≥ 1 from Table 6 of Ref. [36]
8Ω
(0)
m Ω
(0)
DE Ω
(0)
r Ω
(0)
σ Ω
(0)
φ
0.304 0.696 9.45 × 10−5 −0.004 0.70
wDE weff wσ wφ
−1.01 −0.70 1 −0.998
TABLE III: Cosmological parameters at the present time from
the quintom model.
between the distance modulus µL and the redshift pa-
rameter. The data is known to be fit well by the ΛCDM
model so it is a good place to check the validity of our
coupled quintom cosmology. The distance modulus is
related to the luminosity distance dL by
µL = 5 log10
(
dL
Mpc
)
+ 25. (6.1)
The luminosity distance contains information of the evo-
lution of the Universe through the Hubble parameter,
dL = c(1 + z)
∫ z
0
dz
H(z)
, (6.2)
where H(z) can be calculated from Eq. (2.1) and
Eq. (5.2) depending on the model. For the ΛCDM and
other non-coupled phenomenological models, Eq. (2.1)
is suffice. On the other hand, our quintom model with
phantom-matter coupling can be more accurately cal-
culated using Eq. (5.2). Figure 4 shows the compari-
FIG. 4: Comparison between Type Ia Supernovae data from
Ref. [36] and theoretical models: ΛCDM and quintom model.
son between theoretical models and the Supernovae ob-
servational data. The fitting of ΛCDM appears to be
marginally better than the quintom model but both are
good fits.
VII. CONCLUSIONS AND DISCUSSIONS
In this work, the Hubble tension is resolved by addition
of a very small negative density component to the Uni-
verse. Such small contribution does not change the val-
ues Ω
(0)
m ≃ 0.31,Ω(0)DE ≃ 0.69 constrained by the Planck’s
CMB observation from the early Universe. As a real-
ization of the idea, we consider a quintom model with
conformal phantom-matter coupling and self-interacting
quintessence that gives a viable cosmological scenario
with the correct density parameters. The model satis-
fies the general phenomenological conditions, i.e., start-
ing with radiation dominated era, continuing with mat-
ter and dark energy dominated era subsequently. It
also contains the phantom crossing and finally resolves
the Hubble tension, giving H0 = 73.85 km/s/Mpc and
Ω
(0)
m = 0.304,Ω
(0)
φ = 0.700,Ω
(0)
σ = −0.004 as shown in
Table III.
Phenomenologically, as discussed in Section II, the re-
quired negative density of the extra component X for
wX = 1 is Ω
(0)
X = −4.708 × 10−11, this is based on the
non-coupled assumption of X to normal matter. In our
quintom model, the conformal phantom-matter coupling
is introduced in order to control the the size of the neg-
ative density of the phantom field σ. In this coupled
model, the negative density of the phantom field becomes
Ω
(0)
σ = −0.004 for wσ = 1.
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Appendix A: Effective potential
Considering the equation of motion of the phantom
scalar field
σ¨ + 3Hσ˙ = κδρm . (A1)
We introduce a conserved matter density as
ρm = ρ
(c)
m e
κδσ , (A2)
where a superscript (c) means a conserved quantity.
Thus, the equation of motion can be rewritten as
σ¨ + 3Hσ˙ − ∂
∂σ
(
ρ(c)m e
κδσ
)
= 0 . (A3)
Obviously, the last term acts as an effective potential.
Substituting this conserved matter density into the con-
tinuity equation (3.14), we find
ρ˙(c)m + 3Hρ
(c)
m = 0 . (A4)
Therefore the matter density is conserved. This kind
of the effective potential can be found in the chameleon
9gravity or symmetron gravity [29, 33, 34]. However, we
are not interested in the conserved matter density, but
we would like to see dynamics of ρm which is influenced
by the coupling δ.
Appendix B: Components of the matrix M
For the autonomous equations (4.12) - (4.14), compo-
nents of the matrixM are as follows
∂F
∂x1
=
1
2
(−3 + 9x21 − 3x22 − 3x23 + x34) ,
∂F
∂x2
= −3x1x2 +
√
6x2λφ ,
∂F
∂x3
= −3x1x3 ,
∂F
∂x4
= x1x4 ,
∂G
∂x1
= 3x1x2 −
√
3
2
x2λφ ,
∂G
∂x2
=
1
2
(3 + 3x21 − 9x22 − 3x23 + x24 −
√
6x1λφ) ,
∂G
∂x3
= −3x2x3 , ∂G
∂x4
= x2x4 ,
∂H
∂x1
= x1(3x3 −
√
6δ) ,
∂H
∂x2
= −x2(3x3 +
√
6δ) ,
∂H
∂x3
=
1
2
(−3 + 3x21 − 3x22 − 9x23 + x24 + 2
√
6x3δ) ,
∂H
∂x4
= x4(x3 −
√
6δ) ,
∂I
∂x1
= 3x1x4 ,
∂I
∂x2
= −3x2x4 , ∂I
∂x3
= −3x3x4 ,
∂I
∂x4
=
1
2
(−1 + 3x21 − 3x22 − 3x23 + 3x24) .
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